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RATE OF CONVERGENCE OF A STOCHASTIC PARTICLE METHOD
FOR THE KOLMOGOROY EQUATION
WITH VARIABLE COEFFICIENTS

PIERRE BERNARD, DENIS TALAY, AND LUCIANO TUBARO

ABSTRACT. In a recent paper, E. G. Puckett proposed a stochastic particle
method for the nonlinear diffusion-reaction PDE in [0, 7] x R (the so-called
“KPP” (Kolmogorov-Petrovskii-Piskunov) equation):

{ U = Au=Au+ f(u),
u(0, *) = uo(*),
where 1 — u; is the cumulative function, supposed to be smooth enough, of
a probability distribution, and f is a function describing the reaction. His
justification of the method and his analysis of the error were based on a splitting
of the operator 4. He proved that, if 4 is the time discretization step and N
the number of particles used in the algorithm, one can obtain an upper bound
of the norm of the random error on u(7, x) in L'(Q x R) of order 1/N'/4,
provided h = @(1/N'/#), but conjectured, from numerical experiments, that
it should be of order @(h) + &(1/+/N), without any relation between 4 and
N.

We prove that conjecture. We also construct a similar stochastic particle
method for more general nonlinear diffusion-reaction-convection PDEs

{ o Luy f),
u(o’ ) = uo(*),

where L is a strongly elliptic second-order operator with smooth coefficients,
and prove that the preceding rate of convergence still holds when the coefficients
of L are constant, and in the other case is #(Vh) +&(1/VN).

The construction of the method and the analysis of the error are based on a
stochastic representation formula of the exact solution u .

1. INTRODUCTION

1.1. Setting of the problem. In a recent paper [12], E. G. Puckett proposed a
stochastic particle method for the nonlinear PDE in [0, T] x R:

{ 94 = Au=Au+ f(u),
u(oa ') = uO(') s
where 1 — ug is the cumulative function, supposed to be smooth enough, of a

probability distribution, and f is a function satisfying properties ensuring, in
particular, that the solution u(z, x) takes values in [0, 1].
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His justification of the method and his analysis of the error were based on
a splitting of the operator A; a rough presentation of the algorithm is the
following:

(A) Initialization: One locates N particles on the real axis at positions x;
with weights w{, (i=1,..., N) oforder ﬁ , such that the function! %(0, x) =
SV wiH(x; — x) is a good approximation of u, in L!(R).

(B) Approximation of the reaction: One numerically solves the ODE

{ R = f(v),
U(O’ ) =H(O’ ')

on a time interval of length A (this operation changes the weights of the parti-
cles).
(C) Approximation of the diffusion: One numerically solves

{ W = Aw,
w(0, ) =v(h, ")

by randomly and independently moving the particles, considered as independent
Brownian particles, during a time interval equal to /, each particle keeping its
own weight.

(D) Computation of the approximate solution: The value at time 4 and point
x of the approximate solution, #(k, x), is obtained by adding the weights of
all the particles which are at the right-hand side of x.

(E) Iteration: At each time step, one performs the operations (B) (using
u(ph, -) instead of #(0, -)), (C), and (D).

The upper bound of the random error on u(7T, x) in L'(Q x R) is shown
to be of order 1/N'/4, provided h = @(1/N'/4).

In the last section of the paper, Puckett presents numerical results which
obviously show that this estimation is very pessimistic and conjectures that the
rate of convergence should be of order @(h) +@(1/V/N), without any relation
between A and N.

We tried to prove this conjecture by keeping the idea of the splitting but
changing the technique used by Puckett to obtain some of his estimations. We
could obtain a better rate of convergence than 1/N'/4 (we got 1/N?/7 pro-
vided 4 is of order 1/N?/7), but we could neither get the right one, nor avoid
a relation between £ and N, mainly because we had to sum up the approxi-
mation errors made at each step on the solution of the following PDE, where
the initial condition #%(ph, ) is the approximate solution computed at step
p=1,...,%:

{ 2 = Aw,
w(0, ) =u(ph, -),

and these local errors appear to be of order LR

Besides, the notion of splitting does not represent the basic operation of the
algorithm, which is the approximation of the measure g’—xu(t , X)dx by a linear
combination of Dirac measures at points defined by the current positions of the

particles, and coefficients in the combination equal to the respective weights.

In the sequel, H will denote the Heaviside function: H(y) =0 for y <0, H(y) = 1 for
y20.
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Thus, we were led to change our point of view.

Our objective was also to extend the algorithm to more general nonlinear
reaction-diffusion-convection PDEs, namely,

(L1) {%‘ti=Au=Lu+f(u),

' u(0, -) = uo(-),
where L is a strongly elliptic second-order operator with smooth coefficients.
A natural question is then: what must be the law of the motion of the particles?
A natural attempt is to move the particles according to the law of a diffusion
process whose infinitesimal generator is L, but then one can see the computed
solution (considered as a wave) propagate in the opposite direction to the prop-
agation direction of the exact solution!

The answers to this question and to the determination of the rate of con-
vergence of the algorithm that we will construct (which reduces to the Puckett
algorithm when L = A) are based upon an interpretation of the method com-
pletely different from the splitting of 4 in (1.1), and an analysis of the error
completely different from Puckett’s one. The main tool will be a probabilistic
representation formula of the exact solution, which will be used to get estimates
on the rate of convergence. We emphasize that, applied to the Puckett algorithm
for the KPP equation, our estimates below prove Puckett’s conjecture.

We also stress that the stochastic particle algorithm we analyze is not the only
one that can be developed for nonlinear reaction-convection-diffusion equations.
In particular, Sherman and Peskin have proposed a numerical method (without
proving convergence) in [14], based upon the simulation of branching Brownian
motions; the term f(u) is used to describe the law of the branching. For
the convergence and the analysis of this algorithm, see the papers of Chauvin
and Rouault [5, 4, 3]. The main difference between the two algorithms is the
following: the Sherman-Peskin particles have constant weights, but are highly
dependent (they are the living particles of the branching process); the Puckett
particles are independent, but the weights are dependent. For a finite horizon
problem, the Puckett method seems to be simpler to implement and easier to
use on a parallel computer; but if the problem is, for example, to study the
asymptotic propagation velocity of a wave, then the Puckett algorithm cannot
be efficient, because there is no reason at all for it to be stable (see our results
on the rate of convergence); in that case, the Sherman-Peskin method must
be preferred, since it is naturally related to the evolution of the solution, the
particles concentration being large where the gradient of the solution is large.

Our paper is organized as follows: in §2, we state our hypotheses and we
present a collection of elementary results, which are frequently used in the
sequel; then, in §3, we establish an original stochastic representation of the
solution of the above nonlinear PDE; this formula permits us to construct a
stochastic particle method, which reduces to the splitting method of Puckett
when the coeflicients of L are constant; in §4, we state our result on the rate of
convergence; before proving it (§§6 and 7), we need to study in a precise way how
dependent the weights of the particles are: this is done in §5. Finally (§8), we
consider the special case of constant coefficients. The Supplement contains some
of the proofs (§10) and an Appendix devoted to reaction-diffusion-convection
PDEs.

Our numerical experiments for nonconstant-coefficient examples do not add
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information to the excellent last section of the paper of Puckett (devoted to the
KPP equation), so that we refer to it.

1.2. Notation, conventions. In the sequel, C will denote any deterministic
strictly positive constant independent of the time discretization step 4 and the
number of particles N (but, most often, it will depend on T').

We will always assume 4 € (0, 1), of the form L, where M is an integer.

When a stochastic process (X;) is such that X, = y a.s. for some real number
y , we will often write (X;(y)).

When we write @(h) or & (%) , etc., it must be understood that the quantity
involved (which may be random) can be bounded, uniformly in w if it is
random, by, respectively, Ch or '1CV , the constant C being deterministic and

uniform with respect to # and N.

2. HYPOTHESES AND ELEMENTARY RESULTS

2.1. Hypotheses. We make the following assumptions:

(H1) f isa C? function on [0, 1] such that f(0) = f(1) =0, f(u) >0
for u € [0, 1] (therefore, —fiuﬂ is bounded in (0, 1] and continuous in 0);

(H2) b, 0 are two bounded C* functions; any derivative of any order is
assumed to be a bounded function; ¢ is bounded below by a strictly positive
constant;

(H3) 1 — up is the cumulative function of a probability distribution.

In the Appendix (see the Supplement), we recall that, under (H1), (H2), (H3),
for any T > 0, there exists a unique classical solution in (0, 7] x R, taking
values in [0, 1], to the problem

@y | d#=Lurs,
) lim,_ou(t, -) = up(-) at every continuity point of ug,
where . 52
7 0 2
L= b(x)ax +50 (x)axz.

In the sequel, we will often need an additional assumption on g :
(H4) up is of class €, (R), and there exist strictly positive constants C;, Cy

such that, for any x in R, |uj(x)| < Cie~<*", or
(HS) ug is of the form

N
uo(x) = Y whH(x§ - x),
i=1
where the wf) ’s are positive and such that

N
> wh=1.
i=1

2.2. [Elementary results. In this subsection, we will state easy consequences of
quite classical results, needed in the sequel.
We begin with the obvious (but useful) inequality:

+00
(2.2) Vx>0, / e dy < Ce™™.
pe
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We derive some consequences of (H2).

Let ({;) be a diffusion process whose infinitesimal generator has bounded
and Cp°(R) coefficients by and gy, and is strictly elliptic.

We have the well-known property (see, for instance, Friedman [6]): under
(H2), there exist C > 0, A > 0 such that, for the density p,(y, z) of the law
of {i(y) (y,zeR, 0<t<T), wehave

: _ )2
(2.3) p(y, z) < %exp (—(22);}) )

Therefore (for (iii) we apply (2.2)):

Corollary 2.1. Let ({;) be a diffusion process whose infinitesimal generator has
bounded and Cg°(R) coefficients, and is strictly elliptic. Then there exist C >0
and A >0 such that for all t with 0 <t < T and forall x,y € R, we have

P(:(y / exp( 2_,1;))2) dz,
P({i(y) > x) < /+ooe p(—(zz—;)z) dz,

)2
P(Li(y) < x)P(i(y) > x) < Cexp (‘ . 2;) ) '

Besides, we observe that, under the above hypotheses, there exists a constant
C > 0 such that

(2.4) VO<t<T, VyeR, EEy) -y|<CVi
and?
(2.5) vt >0, yliE‘oo {i(y) = 400 as.

because the function y — &,(y) is a.s. increasing since its derivative is an ex-
ponential.

Lemma 2.2. Under the above hypotheses on (&), there exists a C > 0 such that
Jorany T >t >0, the probability density p,(x,y) of the law of &,(x) satisfies

'/pz(x,y)dx—l' < Ct
R

forany y € R.

The proof is in the Supplement.

We recall that we denote by bg(-) and ao(-), respectively, the drift and the
diffusion coefficients of ({,). Let (B;) be a standard real Brownian motion.

The Euler scheme is defined by

(2.6) Eps1 = & + bo(8p)h + 00(Cp) (Bips1yh — Boh)

2See Kunita [8, Chapter 2], e.g., for the diffeomorphism property of stochastic flows associated
with stochastic differential equations.
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and the Milshtein scheme is defined by
Cor1 =Cp + bo(Cp)h + 00(,) (Bpaiyn — Bon)

+ 300G, 0T) ((Bipsiyn = Byn)? = h).

We now recall a result on the convergence rate (the first part is easy to show;
the second is due to Milshtein [9]).

(2.7)

Proposition 2.3. Suppose that the functions by and ao are of class C>*, and
that any derivative is uniformly bounded. For the Milshtein scheme, we have

(i) For any k € N* and for any initial condition {y such that E|{o|** < oo,
there exists a strictly positive constant C (depending only on T , and the bounds
of by, ag, and their two first derivatives) such that

T
VMeN', VYh=-, Vp=1,...,M,
(2.8) m P

E|Lpnl™ +EIL, 1 < C(1 +E[Lo).

(ii) There exists a positive constant C such that, for any initial condition y,

(2.9) El(y - §IP < CR
and, forany p=1, ... ,M=%,
(2.10) E|lpn — o> < CH.

Remark 2.4. When gy is not a constant function, for the Euler scheme, one
generically has

(2.11) E|tpn — &l? < Ch.

When by and g, are constant functions, there is no approximation error.
We now state some consequences of the hypotheses (H4) or (HS).

Remark 2.5. Under (H3), (H4), one has

+00 0
/ uo(x)dx + / (1 —uo(x))dx
0

—0Q

(2.12) = -—/Jrooxduo(x)+/0 x dug(x)
0

- / xld(1 — u0)(x) < +o0.
R
The hypothesis (HS) instead of (H4) implies

400 0 . . N .
[ wdx s [ (-uwedx< s jogl Yl

T i=1

Lemma 2.6. Assume that uo satisfies hypotheses (H3), (H4); then there exists
C > 0 such that

+00 0
/ u(t,x)dx+/ (1—ut, x)dx < C
0 —00

forany t€[0, T].
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If uo satisfies (HS), then

/m (t, x dx+/ (1—u(t, x))dx<C<1+ sup |w0|2|x0|)
0

i=1

The proof is in the Supplement.

The next lemma gives a control of the error due to the permutation of the ex-
pectation and a nonlinear function, and simply follows from a Taylor expansion
of g(x)— g(EX).

Lemma 2.7. Let g be a function of class C? with bounded second derivative;
then for any square integrable random variable X we have

(2.13) |Eg(X) — g(EX)| < CE(X — EX)2.

Finally, the next equality will be useful in several subsequent computations:
for any y, z € R, there holds

(2.14) /R|H(y—x)—H(z—x)|dx=|y—z|.

3. REPRESENTATION OF THE SOLUTION OF (1.1) AND
CONSTRUCTION OF THE ALGORITHM
3.1. A probabilistic representation of the solution. We introduce a probability
space (Q, ¥ , P) equipped with a Brownian motion (B(?));for 0<s<t< T,
Z.! will denote the least complete o-field for which all the B, — B, (s <u <
v < t) are measurable.

Theorem 3.1. Under (H1)-(H3), if ugy is of class C;°(R), we have the following
representation:

(3.1) u(t,x)=]E[H(X,—x)exp (/0 f’ou(s,Xs)ds)] ,
where (X,) is the solution to
(3.2) dX; = a(X)dB; — {b(X;) — o(X,)a'(X,)} dt.

Here, the law of X, has a density equal to —ug,, and (B,) is a standard Brownian
motion.

Proof. The function v(¢, x) := a—“(t, x) satisfies the following equation:
gu(t,x)=4%0 (X)a 4(1, x) + (b(x) + a(x)a’(x)) (¢, x)
+ (b'(x) + f'ou(t, x))v(t, x),
v(0, x) = uy(x).

By applying the Feynman-Kac formula, we obtain

(33) v(t,x)=E [ua(Y,(x»exp { / (Y (0) + o ult s, mx))]ds}] ,

where (Y;) is the solution to
(3.4) dY, = (b(Y:) +o(Y)o' (Y1) dt + o(Y:)dB,.
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Consequently, recalling that 1 — uy is increasing and that u(z, x) — 1 as
X — —oo (see Lemma 2.6), we have

ut, x) = E | ooua(Yt(y))exp{ [+ rout-s, my))]ds} dy.

As we will see below, the particles algorithm is based on approximating the
measure uy(y)dy bya measure of type Zfil w{,&xé ; that suggests one performs
the change of variable z =&, ,(y), where &, ,(-) is the flow associated with the
stochastic differential equation (3.4). Hence, we set y = &5 ‘t(z) .

Using results of the second chapter of Kunita [8], we have, for 6 < ¢,

p R t
fo"ll(z) =z—/‘9 G(fs_,lz(z))st—/o b({;lt(z))ds,

where dBy denotes the “backward” stochastic integral.3
One infers that

t ) t
seéie) = 1= [ oG B - [ L) 5zE ) o,
from which

t t R
et =ew ([ -1 - 3o} do- [ o' da).

Hence, taking into account (2.5), we have

+o00
|
o, 1(x)

- €xp {/Ot(b’(fo,s(a)) + flou(t-s, & s(a)ds

u(t,x)= —E

a=gy ‘,(z)}

_/Ota'(csj}(z))ciBs} dzl .

One now uses Lemma 6.2 of Chapter II of Kunita [8]: for any continuous
function g(s, x) we have

/ g5, &0.4()
0

o { [ [-4& U - 307 4o s

t
ds= [ g(s. &) ds.
a=¢;(2) 0

Thus,

+00

u(t, x) = —E [ H(~&o,(x) + 2)

b - exp {/Ol flou(t-s, és‘,i(z))ds} M(’,(z)u{,(z)dz] ,

3For a definition, cf. Kunita [8, end of Chapter IJ.
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where (M)(z))s<, is the exponential (backward) (#')¢<,-martingale defined
by

1 t _ t _ R
w2 =exp {3 [ o7& ds - [ iz d ).
The application x — & ;(x) is a.s. increasing (its derivative is an exponen-
tial); thus H(—&o,((x) + 2) = H(& () — x).
Hence,

400

u(t,x)=E [ H(&y}(2) — x)exp {/Otf’ ou(s, é,‘_ls,,(z))ds}Mé(z) dz] .

—00

We observe that the law of the process (¢, le,t)osf)sr ,on (Q,F,P, %), is
identical to the law of the process (Xp)o<o<,, solution to

ng = O'(Xg) ng - b(Xg) dé.

Hence, Ey denoting the expectation under the law Py for which the initial
law of the process (Xy) has a density equal to —uq(z), and (M;) denoting the
exponential martingale defined by

M, = exp{-%/ot o2(X,)ds + /Ot a’(Xs)st} ,
we have
u(t, x) =Eg [H(X, — X)exp {/0th ou(t—s, Xs) ds}M,] .
On (Q, %, Py, %7), one performs the Girsanov transformation defined by
B(A) :=Eo[14M7], AeSFT;
then, for t < T,
u(t, x) =& [H(X, —x)exp {/Ot fous, Xs)ds}] .
Under ﬁ, the process (X;) solves
dX, = o(X,)dB, — {b(X,) — 6(X,)0’'(X;)} dt.
Here, (By) defined by
By =By — /00 o'(Xy) ds

is a Brownian motion under P. Obviously, the above representation of u is
identical to (3.1). O

One can deduce a result of the same type as the preceding one for a piecewise
constant initial data ug :

Proposition 3.2. If uy is of the form Y  wiH (x4 = x), then we have

(3.5 u(t, x)= é WLE [H(X,(xg) — x)exp { /0 "o uls, Xo(xd)) ds}] .

The proof (based upon an approximation argument) is in the Supplement.
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3.2. Principle of the algorithm. Let 7 > 0 be fixed, and /4 a time discretiza-

tion step of type -L , for some integer M . We want to approximate u(7, x).
M

Approximating —uy(z)dz by Zfi 1 w(,éxé , one gets the following approxi-
mation formula:

N T
w(T, x)~ Z woE [H(Xr(x{,) — X)exp {/ fou(s, Xs(xé))ds}} .
i=1 0
Now, on (Q, %, P),wearegiven N independent Brownian motions {(B}),
i=1,..., N} with respect to the filtration (%,%)ss0, simply denoted by (%3)
in the sequel.
Let (Xj) be the (independent) solutions to the following SDEs (in forward
time):
{ dX})=o(X})dB) — {b(X}) —a(X})o'(X})}d0,
X§ = x{.
The particle algorithm replaces the expectation by a point estimation:

N T
u(T, x) ~ ZwSH(X} —x)eXp{/ fous, X;)ds} .
0

i=1

Then we approximate

T M—1
exp{/ f’ou(s,Xj)ds} by exp {h Z f’ou(ph,X;h)} )
0 0
and if we define by induction

ph = 0, Pfk+1)h = pinexp{hf ou(kh, Xi,)},
we get, forany p=0,1,..., M=T/h,

N
u(ph, x) = phH(X}, — X).
i=1
In fact, the (X ;h) ’s will be, in turn, approximated by the Milshtein scheme
(2.7) applied to (3.2):

Xy = X, — (0(X,) — 0(X,)0" (Xp)h + 0(X,) (Bl 1y — Bi)

(3.6) L iy oy i i )2
+ Ea(Xp)a (Xp)(Bipi1yp — Bpn)™ — h).
Thus, if we define
Po=0hs  Plrsnn = Prnexp{hf ou(kh, X;)},
we have
Y o
u(ph, x) ~ Y phH(X, - x).
i=1
Actually, one considers the weights in a slightly different way in order that
the sum of the weights is equal to 1 (this fact will be used in the sequel):

Pinexplhf o ulkh, Xi} =l + "o ulkh, i)l
~ Pt +h(fou(kh, Xy) - fou(kh, sz(l))) ’
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where 7, (i) denotes the label number of the particle just to the right of the par-
ticle of label 7 at the time kA (if the considered particle is at the rightmost posi-
tion at time kh , we just have 5, exp{hf ou(kh, X} ~ Pty +hfou(kh, X})).
That transformation of the weights corresponds to the step “ Ry, ” of the split-
ting method of Puckett (cf. [12]).

3.3. The algorithm. Finally, the algorithm will be the following: we define the
initial weights and the initial approximation by

N
wf',:% fori=1,...,N; U(x) =Y whH(x}—x),
i=1
where
(3.7) Vi< N: x6=ugl(1—]iv), xé\':ual(%v—).

Evidently, #y(:) is a piecewise constant approximation to the initial datum
uo(*) -

Recall that we define the approximating process by (3.6).

We now define, in a recursive way (and using the same convention for the
particle at the rightmost position as previously):

(3.8) ol = o (1+hfoﬁp_l(71i’—1)_foﬁp—l(yzp:ll(i)))
. = -1 -

p p i
wp—l

and

N .
(3.9) uy(x) =Y w,HX, - x)
i=1
for p=1,2,..., M=T/h.
Remark 3.3. All the weights, for some constant C uniform in A4, N, i, and
k , are bounded by

i . C
. < < —=
(3.10) 0<w,< ¥
and, forany k=1, ..., M = T/h,the weights w} (i=1, ..., N) are _jy-
measurable (this will play an important role in the sequel). Moreover, it is easy
to check from the definition (3.8) that, forany p=1,... , M =T/h,
N
(3.11) > =1
i=1

By using the fact that f” and f” are bounded, and that the w,, ’s are bounded
by C/N, we have

(312) 0);;= ;)_.1(]+hf’0ﬁp._1(7;,_1))+ﬁ(h)ﬁ (—]\17'—2>~

Proposition 3.4. Under the hypotheses (H1)-(H4), we have

N
(3.13) %Z x> < C.
i=1
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In addition,
1 & —i
(3.14) ¥ S EX,?<C.
i=1
The proof (which uses (2.8)) is in the Supplement.
4. THE MAIN RESULT
The main result of the paper is the following theorem.

Theorem 4.1. (i) Under the hypotheses (H1)—-(H4), there exist strictly positive
constants C and hy < 1 such that, for any h < hg and any N > 1,

(T, ) =a(T, rmxe) < C (\/_lj_v_' + \/ﬁ) .

(ii) When the functions b and o are constant, then the rate of convergence is
given by

= 1
(T, +) —=a(T, Hipwxe) < C (\/—__]\7 + h) .
The same estimates hold for the standard deviation of |w(T, <) = (T, *)||Li(x) -

When f = 0, the estimate (i) can be improved. Indeed, if uo denotes
the probability measure whose 1 — u is the cumulative function, and (X;) is
defined by

dX,=o(X;)dB, - {b(X;) — a(X,)d'(X,)} dt,

then, from (3.1), u(¢, x) = E,,H(X; — x) and to the error
lu(T, *) = (T, )l wx)

contribute a statistical error

U(T, )~ - H(Xp )

b

LIRxQ)

which is of order 1/v/N, and an approximation error
1 i 1 i
|t - - -
which generically is of order 4 when the Milshtein scheme is used. The non-
linearity of the PDE induced by f changes the order of convergence, at least in
our proofs. Our numerical experiments have not permitted us to check whether
Vh is the best estimate: typically, the algorithm was extremely sensitive to #;
when A was small, it was difficult to isolate the error due to the discretization
from the statistical error (we could not choose N so large as it would have
been necessary), and for different, but not small 4, some numerical instabili-
ties produced statistical and discretization errors of comparable magnitude. In
any case, the important point seems to us that the behavior of the error can be
described without assuming a relation between 2 and N .
The gain in accuracy, when b and o are constant, is not mysterious: to give

a feeling of what happens, suppose b =0 and ¢ = 1; in that case, the particles
are Brownian, and the law of the X ('p R X o ’s can be simulated exactly (one

b

LI(RxQ)
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just has to simulate independent Gaussian variables), whereas, when o is not
constant, one has to approximate the processes (X/); the passage from % to
Vvl is due to this approximation (see Proposition 2.3).

We also remark that, when the coefficients are not constant, we obtained the
above estimates after having used the Milshtein scheme, not the Euler scheme
(compare Remark 2.11 and inequality (2.10)). Finally, we stress that the Euler
and Milshtein schemes are the only schemes reasonable from the point of view
of numerical efficiency (see Talay [16]).

The next three sections are devoted to the proof of part (i) of this theorem.
In §8, we will explain what must be changed in the proof in order to obtain
the better estimate in part (ii). Similar computations permit us to obtain the
estimates for the standard deviation.

5. THE WEIGHTS ARE NOT FAR FROM BEING INDEPENDENT

The w;', ’s are not independent, but we can choose other weights that are
independent and approximate the a);', ’s in order to get, in the sequel, useful
estimates.

We define p, by

(5.1) Po=00,  pp=pPp_(L+hf ou((p—1)h, Xj_1)))-
The p;; ’s (i=1, ..., N) are independent, and it is easy to show there exists
a C >0 such that |p}| < .
Set o), := E|w} — pi|?, and a, = sup; o).
The objective of this section is to prove (cf. Proposition 5.8)
T Ch C

Vh, Vp:l’.'.’M=W: apsm+—1v_3'

Remark 5.1. We observe
W1 = Ppar = W = py+ hop{f 0 1p(X,) = f o ulph, X))}
+h(wh — p) S o u(ph, X))
‘ —i . h
+hoyf oulph, X,) - £ oulph, X))+ (7).
As f'ou is Lipschitz, and as X is defined by the Milshtein scheme (cf.
Proposition 2.3), we get

| CCh = — R h
(5.2) ab,, <ol + TV-\/a;,\/Em,,(x,,) — u(ph, T,)2 + Chaly + Cz + C1s.

We now need to get a precise estimate of /E|#, (7;) —u(ph, 7;)]2 . Having
defined

N
uy(0) = 3 PEH(X), - ),
j=1

we have

VEZ,(X}) - u(ph, X0)P2

(5.3) : : — —
< \/Em,,(Y;) —uy(X,)]2 + \/E|u;;(x;) — u(ph, X,)[2.
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An upper bound for the first term of the right-hand side will be given in §5.1
below, an upper bound for the second term in §5.2, and finally we will come
back to the inequality (5.2) in §5.3.

5.1.  An upper bound for ]E|ﬁp(7;) - u;(Yf,)lz .
Propositoin 5.2. There holds
(5.4) E[#,(X ) uy(X, D2 < 2N2%a, + 9 + Ch.
Proof. We have
E|#,(X),) — up(X,)I?
N 2
<2E [Z |0} — pjIH(X, — 75,)]

j=1
2

N . ‘ .
+2E [Z pj|H(X, - X,) - H(X], - X,)|
j=1

N .
<2 ook + 15 ZElH ~X,) - HX}, - X,)I
Jj, k=1 Jj=1
C
_AT z ElH p)_ ( _Xp)l
Jj, k=1
J#k
J#i, k#i
ki . C
- |H(X, = X,) = H(Xy = X))l +
N
4 C
<2 Z apof + &
Jj. k=1
C ;i
+ 32 Z ElHX Xp)—H(Xph—Xp)I
Jj, k=1
Jj#k
J#I, k#i

i .
(H(X, -X,) - HX5 - X,)I.
Therefore, to get the conclusion it remains to prove
Lemma 5.3. For i # j # k one has
. . e .
E|H(X, - X,) - H(X}, - X,)| - |H(X, - X,) - H(X}, - X,)| < Ch.
The proof is in the Supplement.
5.2.  An upper bound for E|u; (YL) —u(ph, Yf,)lz . For brevity, we will denote
Ui = Eluy(X,) - u(ph, X,)%

The objective of this subsection is to prove (see (10.4) in the Supplement)
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Proposition 5.4. There holds

. _C
(5.5) U < 5+ CH.

Proof. Let u"(t, x) := E?’:l w{;IE[H(X,j -X) exp(fot f'ou(s, X/)ds)]. Then
U; < CElu(ph, X,) - u¥ (ph, X,,)?

2
N . —_— . ph 4 j .
+CE {ZH(prh -X,) [w{,efo flou(s, X!)ds _ p{,] }
J=1

N P f""f'ou(s X!)ds
+CE{S o) [EH(X;,, _ X yels frouts.
j=1

2
. — ph o j
gyl ]|

Each of the three following lemmas will deal with a term of the right-hand
side of the preceding inequality. The proofs are in the Supplement.

Lemma 5.5. There exists a C > 0 such that for any t € [0, T] we have
C
S —uN . oo < —.
It ) = (2, Yo < 7

Lemma 5.6. There holds
2

TV :=E < Chr.

N L . ph 4 .
> H(X), —Xp){w{)exp/o fou(s, X;)ds-p;,}
Jj=1

Lemma 5.7. There holds
2
C
N ._ el
SV .=E < %

—i. e i =i Ph ;
; uN(ph,Xp)-Zw{,H(X;h-Xp)exp/O Fou(s, Xi)ds

j=1

5.3.  An upper bound for o,. From the two previous subsections, we obtain,
considering (5.2), (5.3), (5.4), and (5.5),
Ch 1 Ch? Ch
Qpi1 Sap+—ﬁ-\/OE<N@+7—N+\/E) +Chap+W+N3-.
Proposition 5.8. We have, for all p,
Ch C
Mt

2
+\/Tz)+Ch +Ch

(5.6) ap <
Proof. We have

We define by induction 79 = ap and

= (14 5y + ST

‘N2 T N3

-

Ch®* Ch
+\/ﬁ>+72-+-]—v—3.

=~
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We observe that, for any p, there holds a,, <1p.
If, for any p, we have /7, < ‘/_ + 5 \/— then we have obtained (5.6);
otherwise, there exists a j such that

{wf—+>N ek
vh
VT < +N\/_

As (tp) is increasing, we would then have that, for any p > j, /7, > —‘;,—E +
N+/N ; then, for any p > j, we would also have

Ch* Ch

from which we deduce that

‘ 2 M-j_
<1+ ChM Iz, + (Ch Ch) (1+Ch) 1 _Ch C

M tw Ch SVt
Hence, (5.6) is true for any p. O

6. LOCAL EXPANSION OF THE SOLUTION u(¢, X)

For the sequel we need to compare the solution u(z, x) to problem (2.1)
with the solution v(¢, x) to the problem
{ % =Lv,
v(0, +) = uo(+)
for small values of 7. We can represent
v(t, x) = E(uo(Zi(x))),
where (Z;(x)) is the solution to the following equation:
(6.2) dZ,=b(Z,)dt +0(Z,)dB;, Zp(x) = x.
Let Py(x, dy) be the transition probability associated with (Z;).

Theorem 6.1. Assume the hypotheses (H1)-(H3); then for any 0 < h < 1 and
any x € R, we have

uh, x) = Buo(Zy(x)) + hf (Buo(Z4(x))) + Ra(x)

with the following estimate:
e if uy satisfies (H4), then

(6.3) IRA(imy < Ch;

e if ug belongs to a family of functions satisfying (H5) with weights bounded
by % , the constant C being uniform on the family, then

(6.1)

, X,
(6.4) IR ()l m) < Chvh + Cﬁ Z |xo]-
i=1
The proof is obtained by combining the propositions of this section and
Remark 6.6: Proposition 6.3 expands u(h, x), the others give estimates of the
norm of the remaining terms in L!(R).
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Remark 6.2. The proof will make it clear that the constant in (6.4) can be made
more explicit (see the footnotes in the sequel):

1 C (xi — x})?
IRA(z1my < ChVR (N + m; jzkjexp (—O—uhL-

(6.5)

n .
+ CNZ|x6|.
i=1

This will be used to treat the special case of constant b and o (see §8).

Proposition 6.3. Assume the hypotheses (H1)-(H3); then forany 0 < h < 1 and
any x € R we have

u(h, x) = Euo(Zx(x)) + hf(Euo(Z4(x))) + Ry(x)
with the following estimate:

R foulh — 2
s o { [ 5552780

B fou(, Zyo(x)
[ ‘”’"S}}

h
e / / Eluo(Zs(»)) — Ettg(Zs(y))2Ps—s (x , dy) ds
0 R

+ ChE[uo(Zy(x)) — Buo(Z(x))1*.
For the proof of this proposition we need the following lemma.
Lemma 6.4. There holds

/R F(Eo(Zo()) Py (x> dY) = f(Bto(Z4(x))) + R

with
IR|<C /R Eluo(Zs()) — Etto(Zs(»))PPy_s(x » dy)
+ CElug(Zy(x)) — Etto(Zy (x)) -
Proof of Lemma 6.4. Using Lemma 2.7, we have
/R F(Bto(Zo())) Pr—s(x» dY) = /R Ef o ug(Zs(y)) Po—y(x» dy) + Ry
with
IRi| < C /R Eluo(Zs(9)) — Etto(Zo())Pa_s(x , ).
We now note that

/R Ef 0 uo(Zs(1)) Pa—s(x » dY) = Ef 0 ug(Z4(x)).

from which, by applying once again Lemma 2.7, we get the conclusion. 0O

Proof of Proposition 6.3. Hypothesis (H1) implies that |f(y)/y| < C for a
suitable C and 0 < y < 1; moreover, f(y)/y is continuous in 0.
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By the Feynman-Kac formula, we have

koo _
(6.6) u(h,x)=E [uo(Zh(x))exp {/0 fu(lz(ﬁ P S’ZSZ(;());)) ds}]

= Eup(Zy(x)) + Eug(Zy(x))

b foulh—s, Zy(x))
’ {""" {/0 uth—s, Z0x) [
(6.7) =: Euog(Zy(x)) + Ap.
By applying the Taylor formula, we can write
hofo _
Ap = ]Euo(Z,,(x))/O fu(l;l(}i P S’ZSZ(;());)) ds

M fouth—s, Zy(x) , ]’
uh—s, Zs(x)) ds}

(6.8) + %Euo(Zh(X)) [
0
h fouth—s, Zy(x))
exp ("" o uh—s.Zx) )

from which we have 4, = B, + R) with

R fouth—s, Zyx) 5 |
uth—s, Zs(x)) ds

[RY| < CEuo(Zp(x)) [ ;

and

hfoulh—
B, = ]Euo(Zh(X))/0 fu(l};(li s,s’ijf(;)) @

[ Sou(s, Zp_s(x))
_]E‘/(; uo(Z;,(x)) u(s,Z,,_s(x)) ds

[ fou(s,y)
—/0 /REuO(Zs(.V))WPh—s(x,dy)dS,

where, in the last steps, we used the transition property of Py(x, dy).
On the other hand, by the same argument used to obtain (6.6), we have

Euo(Zs(y)) = u(s, y) + D(s, y)
with, for some C > 0 large enough,

(6.9) D5, )l < CBao(Z,0) [ s

Hence, we can write
h
Bi= [ [ fouls,»)Pis(x, dy)ds +E,
o Jr

with (remembering that %ﬂ is uniformly bounded in [0, 1])

h S £o _
ElsC [ [ B [ Lri g R do by, vy ds

ol S ouls =0, Zpups(x)
- ¢ [ ) [ dods.

fouls—8, Zy)
=0, Z,0)) 0

(6.10)
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Finally, by collecting (6.7), (6.8), (6.10), we have
h
u(h, ) =Euo(Zye) + [ [ fouls, »)Pus(x, dy)ds+ R}
o Jr
with
|R4| < CEuo(Z(x))

{[ "fou(h—s,Zs(x))dsr
0

u(h —s, Zy(x))

S fou(s— 6, Zoopy(x))
+/o o WG =0, Zps () 2095

Therefore, it remains to treat foh Jg fouls, y)Pi_s(x,dy)ds. We observe
that

h
/ / fouls, y)Pys(x, dy)ds
0 R
h
- / / F(Euo(Zs(»)) - D(s, ¥))Po_s(x , dy)ds
0 R

h
- /0 Af(EuO(ZS(J’)))Ph—S(x, dy)ds + Cy

with (using (6.9))

h
ICil< C /0 /R ID(s, )| Pa_s(x dy)

" * fouls =6, Zy(»))
<c /0 /R Eu(Z:(Y) | T g oy d0 Pusi(x. dy) ds

_c/ fous =6, Zyun(x))
- [ Bz [y dods.

We conclude by applying Lemma 6.4. O

Proposition 6.5. (i) Assume that (H1)-(H3) hold, and that uy belongs to a family
of functions satisfying (HS) with weights bounded by % , the constant C being
uniform on the family, then, for any 0 <s < h, we have

| [ Bluo(Z») - B Z )P Pos(x. dy)dx < OV,
where the constant C depends only on T and the coefficients of the differential

operator L.
(i1) If ug satisfies (H4) instead of the above condition, then we have

/.a /R E{uo(Zs(y)) — Etto(Zs(0))P—s(x , dy) dx
< Ch|loug|l 2wy + Ch*|| Lug|| 2(w)-
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Proof. In the case of Hypothesis (H5) we have
E[uo(Zs(¥)) — Euo(Zs(»)F

N
=Y " E{whH(x} — Zs(y)) — ElwhH (x}§ — Zs(y))]}?

i=1
+2Y E[{wjH (x§ — Zs(y)) — ElwhH(x§ — Z;(»))1}
i<j
A{W{H (x§ - Zs(y)) - ElwpH(x§ = Zs(»)1H]
=1 Sn(¥) + 2Tn(p).
Thus, using (3.10) and Corollary 2.1(iii), we have

N
Sn(y) = ) (0h)*(B(x§ > Zs(»)) — [P(xh > Zs(y))1P)?

i=1

N
(6.11) = 2 (@0)’B(x5 > Z(n)P(x} < Zs(1))

-
]
—_

Therefore,

/R SN(Y)Pr—s(x, dy)

c X (v —xb)? 1 (y —x)?
= ﬁgfke"p (‘ s ) Thos P (‘2,1(h —s)) dy
C s (x — xp)?
< N Vp 2P (‘ 7
c Y (x — x{)?
< 3z 2 oxP (‘W ’
from which

[ [ Sw)Pisx, dpydx < GV
R JR N
With similar arguments, one can show that

Tn(y) < CVh

(see the details in the Supplement).
In the case of Hypothesis (H4), we can apply the It6 formula

uo(Zs(y)) — Euo(Zs(y))
(6.12) = /0 [Luo(Zg(y)) — ELuo(Z(»))1d0

+ [ oZomue(Zo() dWy;
0
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hence,

/R Eluo(Zs(»)) — Etto(Zs(y)) P Py_s (x , dy)
s 2
<2 /R E[ /0 [Luo<ze<y>)—ELuo<zo(y>>1do] Po_y(x, dy)

+2 [ B[ [ 0 @ao)i(2o0) d8] Pr-stx. d)
=:2A+2B.
We estimate A in the following way:

s h
A< / s / E[Luo(Zo(y))]2 6 Py_y(x, dy) = s / E[Luo(Z4(x))]* dO.
R 0 h—s

- Using again (2.3), we get

Adx < C [Luo(z)]z—exp =2\ 4, dodx
faaxsc[s] | (-&5>

= Cs? /[Luo(z)]2 dz.
R
In the same way we have
B< Cs/ o2(2)u@(z)dx. O

Remark 6.6. From (6.11) and (10.5) (see the Supplement) in the preceding
proof, we have also shown that in the case (HS) we have

/ Eluo(Z4(x)) = Euo(Z(x))P dx < CVh
R

or, more precisely,*

)
/]E[uo(Zh(x)) Euo(Zy(x))Pdx < CVh (N N > oex P( (XOSA}TO) ))

i<j

From (6.12), in the case of Hypothesis (H4), we have
[ Bluo(Z1(x) - Euo(Zy(x))P dx < Ch.
R

Proposition 6.7. For 6 € [0, h], define

Sfou(d, Zh—o(x))]
=E V4 .
h.o(x) 1= E [un(200) Ot
Then, under (H1)-(H3):
(1) if up satisfies (H4), there exists a C > 0 such that for all h < 1 and for
all 8 € (0, h), we have

l¥n, 6w < Cs

4See Remark 6.2.
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(ii) if ug belongs to a family of functions satisfying (HS) with weights bounded
by % the constant C being uniform on the family, there exists a C > 0 such
that for all h < 1 and for all 6 € (0, h), we have

cX
lwh,o(llLiw < C + N Z |xol-

i=1
The result is an easy consequence of Lemma 2.6: see the Supplement.
We remark that

2
[/" fouth—s, Zy(x)) ds] < Ch/" fouth—s, Z:(x) ;-
0 0

uth —s, Zy(x)) u(h —s, Zs(x))
Like the preceding proposition, one can show
Proposition 6.8. Define

hfoulh— 2
Wi (x) :=E{uo<zh<x>> [ A L u(i('isf’zsz(jfﬁ)) dS] }

Then, under the hypotheses of Proposition 6.5,
(1) if uo satisfies (H4), there exists a C > 0 such that for all h < 1

W ()l L) < Ch*;

(ii) if uo belongs to a family of functions satisfying (H5) with weights bounded
by % , the constant C being uniform on the family, there exists a C > 0 such
that for all h < 1

1
1 ()l gy < Ch? (1 N Z |x{,|) .
i=1

7. ESTIMATE OF THE GLOBAL ERROR

We recall the notation M =T/h.
We are now in a position to prove the first part of our main Theorem 4.1.
First, we write

(T, *) — Ul wxe) < I1BEM () — U (i wx) + 1T, <) — Elar ()l 1 m)-
In §7.1, we will bound the first term of the right-hand side by % + CVh;

in §7.3, the second term will be bounded by % + CVh, so that the announced
convergence rate (for general functions » and o) will be established.

7.1. Estimate of ||E#ps(-) — %ar(+)llL1rxq)- Our objective is to show
Proposition 7.1. There exists a constant C > 0 such that, for any h = % , any
p<M,andany N,

_ _ C
1B, (+) — up(‘)”Ll(RxQ) < \/_N_ + CVh.

Proof. Define
N
p(x) =Y whH(X}, — x).

i=1



A STOCHASTIC PARTICLE METHOD FOR THE KPP EQUATION 577
Using (2.14) and (2.10), we have
(7.1) () — BTy () — () + Edty () 1cgxy = ().
Therefore, it is sufficient to prove

Lemma 7.2. There exists a C > 0 such that, forany N,h<1,and p< M =
T/h,

. . C
1p(-) — Edp()ll L1 rxg) < N + CVh.
Proof of Lemma 7.2. We have (using the fact that the sum of the weights is
equal to 1)

/ N
R|io1

pH (X)), — x) — 0 H(X}, — x))| dx

x) — w,H(X}, — x))| dx

N
Y (Ew,H(x — X)) — 0 H(x — X%)))
i=1

dx.

0
«f
We will only consider the first term on the right, the second being treated in
the same way. We use the independent weights of §5. We have

/+oo N
0 i=1

> (EwbH(X}), — x) — 0L H(XE, — x))
+oo | N
<J
0 i

Z(E[p;;H(X,ih - x)1- ppH(X}), — X))
)R

+m N . . .
+ /0 Z o) — phIH (XL, — x) dx.
i=1

dx

dx

~ PH(X}, — x)]| dx

Using the independence of the p’s and of the (X?)’s, and bounding the
variance by the second moment, one gets

Z(]Ew;',H( o~ X) — 0y H(X}, — x))| dx

+oo | N
E/
0 i=1

+o00 N N i X .
S/O JZE(p;;)zH(X;h—X)dX+2ZEIw;—p,’,IIX,i;.I

i=1 i=1

+oo N
/ > PB(X, h>x)dx+2rz E| X!
i=1



578 PIERRE BERNARD, DENIS TALAY, AND LUCIANO TUBARO

Now we observe that the first term of the right-hand side can be bounded from
above by

C /+oo 1 N /+oo { y2 }
—_ - exps —= p dydx.
VN Jo \l N g (x=xi)//2ph 3

For x € [0, +o0) the function

\/Z_n/ —u3'(s) /\/Fexp{ }dy

is decreasing from (0, 1) to (0, 1); therefore, the definition of the x} implies

N +00

1 { y
2N = Jix—xb)/iph 2

s
i
//( /ﬁexp{—)—g} dyuy(z)dz
<

< /_oouo(z) A z)/\/l_p_exp{——} dydz—C/+oou0(z)dz

+o00 2
< —/: up(z) exp {_%Ip_:izz)_} dz + Cugp(x).

Using (H4), we deduce for suitable 49 > 0

2

y? X
_Z/x 0 /\/,TI,‘CXP{_E-} dy < Cexp (———2'10(1 +ph)) + Cup(x),
so that, by (2.12),
1 [ | C
P X' dx
¥ \Iz (K> 0)dx < 7o
Now, by (5.6),

N N
Va3 \JEIXE 2 < (QNQ 31_v> 3 (1 +E[X},P)
i=1

i=1

But (see (2.8))
C& 1 &
2 o i (2 i (2
N} BV 5 300+ 1Y < € 5 3l
Then we apply (3.13). O

7.2. A corollary. As a corollary to the previous subsection, we have the fol-
lowing result:
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Lemma 7.3. Define

AH(N) = /R E [ /R (@ (v) — By (9)pa(x y)dy]2 dx.

There exists a C > 0 such that

forany N, h<1l,and p<M=T/h.
Proof. First we observe that

AN < /R /R E[ii, (v) — K&, (»)Pps(x » y) dy dx
and by Lemma 2.2
AYN) < (1+ Ch) /R Ef#, () — Eg, ()] dy,

from which, by the boundedness of the function %, ,

ANy <C /R E[7, (y) — BTy (y)| dy.

We then apply Lemma 7.2. 0O

7.3. Estimate of ||u(7T', ) — Eup(-)|lyg). Forany p =1,..., M, define
Vp(t, x) as the solution to

% = LV, + foD,,
Up(0, x) =up_1(x)

and consider

By := llu(ph, +) — Eup ()l 1wy
(7.2) < Mph ,+) —Evp(h, ')"L'(Rl"’l'Eﬁp(h 0) — ]Eap(')”L‘(Rl-

¥p O

We will show (cf. Proposition 7.6 below) that
vp, ﬁpgc(\/fz+l).
N
We first treat

5, = /0 B, (h, x) — Eiy(x)| dx
(7.3) .
+/ [E(1 —=7,(h, x)) —E(1 —uy(x))|dx.

—00

Our objective is to show
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Proposition 7.4. For all p, there holds

h
(7.4) s, <C (h3/2 + ’1\7) :
Proof. We will only consider the first term on the right of (7.3).
Consider (Bj), a (%;)-Brownian motion (see the beginning of §3.2), and
(ne(y)) , the solution to

{ dng = a(n9)d(Bphre — Bpn) — {b(1e) — o (ne)0’ (1)} d0,
Mo =Y.

We stress that, for each 8 > 0, ny(y) is independent of &, .

We will denote by 7%,(y) the approximation of #,(y) obtained by applying

the Milshtein scheme (2.7) to the stochastic differential equation (7.5).
We first note, using (3.12) and the conventions described in (1.2), that

(1.5)

N )
Ettpy1(x) =E Y @}, HXpyy — X)

i;l |
(1.6 =EY |wj(+ A7 o) + 0 (53 )| HOWE,) - )
i=1
N R
= Z H(nh(X)—x)+h]EZa)f’oup( )H(Y;—x)
i=1 1 N _1—1-1
(1.7) +EO(h)& (‘A‘ﬁ) > H@,(X,) - x)
i=1
N . . .
+hEY S oy f o (X, (H(7,(X,) = x) - H(X), - x)).
i=1
Therefore,

N
Edyyi(x) =E Y b H(7,(X,) - X)
(7.8) -
+hEY b f 0wy (X,)H(X, - x)+R(h, p, X)

i=1

with (we apply (2.4) and (2.8))
= h & i
IRk, P, g, < ChVR+ Cz Z; E[7,(X,)]

h o
< ChVh + Cam > EX,|

i=1

h .
< Chvh + C3i5 D (1 +Ixg))-

i=1
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Applying (3.13), we deduce’®

h

(7.9) IR, p, @,y < ChVR+ 5

Now, we perform a similar expansion of Ev,.(h, x).
Using the representation (3.5), we can also write

N .
(7.10) ED,i(h, x) =EY 0py(X,, x),

i=1

where
h
y(y, x)=EH(ny(y) — x) exp (/0 S oTpu(s, ns(y)) dS) .

Using again (2.14) and the estimate (2.9), one can check that

h
y(y, x)=EH(7,(y) — x)exp (/O S oUpii(s, ns(y))dS> +w(h,y, x)

with
3IC>0, VyeR, [w(h,y, )lpw < ChY2
Therefore,
N .
EVpsi(h, x) =E)_ 0, H(T,(X,) - x)
i=1
(7.11) Nooooh —i —i
+ ]EZw;, /0 S oUppi(s, ns(X,))dsH(X, — x)
i=1
+R(h,p, x)
with
(7.12) IR(A, P, i, < ChVA.

Therefore, combining (7.11) and (7.8), in view of (7.12) and (7.9), we see
that it remains to treat

N . h . .
¢(h, x):=E o} (hf’oﬁ,,(Y;) _/0 foTpuls, ns(Y;))ds) H(X, - x)
i=1

and to show that its norm in L'(R,) can be bounded by Chvh + %” .

SWhen f = 0, this term is absent; this permits us to justify a remark we made in §4.
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But

N .
lo(h, Mg,y <EY whX,|

i=1

. h .
E%H [hf’ ° a,,(Y,’,)—/O [ opu(s, ns(X,)) dS]

Furthermore,
(7.13) % f 0Tp(s, 1(X,)) = L ETpia(s, n(X,) +1ii, b, b, 5)
with
(i, hy $)| S CES 5501 (s, 16(X,)) = E (s, 15(Kp)) %
We now expand f/(E%7,, (s, ns(Y;,))) )

Let (n}) be N independent copies of the process (7s). The representation
(3.5) permits us to write

. N .
(BT, (s, n5(X,)) = f (Egﬂ 3 wkH(nk (X)) - n;‘(YL)))
k=1
+Oh) +& (%) .

Then, if we define

N .
rZ(i, D, h > S) = f/ (Eg}h Z wl;H(nf(/_Y—I;) - ”;(/_Y-;)))

k=1
N .
- (EZw’;H(Yﬁ —Yj,)) :
k=1
we get
S E Ty (s, 1s(X,)))
ul —k =i 1
=f (Zw';H(Xp —Xp)) +@h)+n(i,p,h,s)+C (N)
k=1

=f’oﬁp(7\’_;)+@’(h)+"2(i’p’h’s)+ﬁ(%)'

Thus, we have obtained

N . h
ok, Mpm) SEY o)X, (Ch2 +/0 |ri(i,p, h,0)do
. i=1

h
+/ (i, h, 0)|d0+C]—}i,-).
0
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As above (see (3.14)), we deduce
llgCh, ’)I|LI(R+)

N h
SCh2+CEZw;,|X;|</ (i, p, h, 0)do
i=1 0 :
h L = i &, — <\ 2 h
+ A EPh (U, (s, 15(Xp)) — EPRD, 1 (s, 15(X ) ds"'Cﬁ
N
SCh2+CEZw;,IX;,|/ (i, p,h,8)d6
i=1 0

~ v

A

2
ds

. _FE5n 5 - —i
+CEZ el / yensly ~ EPHEHOSXp) = 9) i)}

N
S Wk {(EH(1s(X5) - »)
k=1

>

v

B
+ c— ZE|X,,|

For 4 we have

A<CIEpr|Xp|/ E% th"H(m ») = (X))

—IEZ w’;H(YI; - YL) ds
k=1

N 4 N
gCEZw;;|Y;|/O > wkads,
i=1 k=1

where . _ . .
ki — o
Ay =E%HH(X, - X,) — Hni (X,) — ni(Xp)l.
The next steps to prove A < C hVh + %” are given in the Supplement.
For the term B we observe, using the independence of the particles,
2

S ok {(EH(,(F) - Dyoncry ~ EPEH(X,) = 9D, 1)}
k=1

ES

N
=E% Y (@} IEH(1(X,) =), ., t) ~ B BH((Xp) = 7)),y 0

k=1
ki

C

+o(5) <7

Hence, using (3.14),

B< gélf'lg:a)pl/\’ | < Ch. O

i=1
We now treat y,.
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Proposition 7.5. For all p, there holds

(7.14) Vo+1 < (1+ Ch)By + Ch*? + CJ’\’[
Proof. We use the local expansion of u(ph, -) and 7,(-) deduced from The-
orem 6.1. Here, Hypothesis (H2) implies that P(x, dy) = p(x,y)dy. In
addition, we apply Proposition 6.1 twice:

e We substitute u(ph,-) to ug; then we are in the case where the initial
condition satisfies (H4) (from (3.3), (2.3), and (H4), it is easy to obtain the
condition on the spatial derivative), and we have

u((p + Dh, x) = Eu(ph, Z(x)) + hf(Eu(ph, Z(x))) + R}, (x)

with "R(p+l ()”LI(R < Ch2 o
e We substitute %,(-) to up; then we are in the case where the initial con-
dition satisfies (H5), and we have

Tpa() = [ T0)out-, ) dy + 1 ([ B0IaC.») dy) SR ()
with
1 N
wOllnm < CAVA+ ChH = Z

IRG,?

(p+1)h

so that, using (3.14), E[R}7,()llne) < ChVE.
Thus, using again (2.13), we get

[, v vy dv+ns ([ utoh i, ) dy)

Yp+1 =

~E [ %09ps(. )y - hES ( / Z,0)a(- ) dy)
S

< /R u(ph, ) — Ea,(»)| /R pa(x, y)dxdy + Ch3

+Ch / u(ph, y) - Eiip(»)| /R pa(x, y)dxdy

+Ch/ (/ up(¥)pn(x, y)dy - If'l/ﬁp(y)ph(x,y)a’y>2 dx.

Applying Lemmas 2.2 and 7.3, one obtains

Ch
Yps1 < (1 + Ch)B, + Ch¥? + TN o

Finally, we can prove

Propesition 7.6. For all p, there holds

BPSC(\/E+%).
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Proof. We use the definition (7.2) and the estimates (7.14) and (7.4) to get
Ch
ﬁ-

In the proof of Lemma 5.5, we remarked that y; = |[u(k, ) —v¥(h, Nz w)
can be bounded by C|[E|(uo — %0)(Zs(+))| gy as To > uo for x < x)~! <

C(1++/logN), using u(x) = — f:°° u'(y)dy, (2.2), and (H4), we get, for some
C > 0 large enough,

Bor1 < (1 4+ Ch)B, + Ch3/? +

n<cC Uo(x) — up(x))dx
1 i<cre 1o'g'1v( o(x) — uo(x))
+ C/ (1 —up(x))dx+C up(x)dx
x<—-C—-C+/logN x>C+C+/log N
< C+/log N 4 f_.
N N

Thus, g, < C (# + h%?% 4+ £y and we can proceed by induction to end the
proof. O

8. THE CASE OF CONSTANT COEFFICIENTS

In this section, we explain what must be changed in the proof to get the better
estimate T/C—Tv + Ch for the error when the coefficients of L are constant.

Without loss of generality, we can assume that 5 =0 and ¢ = 1. In that
case we have that X, = X} = x} + W,
First, one remarks that the expansion in Remark 5.1 can then be changed to

WL = phay = @b — ph+ hab{f 0 Tp(X,) — f o u(ph, X,)}
. : —i h
+h(w) — pi)f ou(ph, X,) +& (Tv‘z) :
so that the inequality (5.2) can be modified to
; . Ch [ " —i
a1 < (1+Ch)ah + 57 \Jab\EIT, (X)) — u(oh, X, )P

h
N—3.

R .

+ C3ElE(X,) - uph, X,)* + C
One can readily show that (5.4) can be reduced to
E[7,(X,) — u}(X,)2 < Ny,

Therefore, with the same arguments as in the proof of Proposition 5.8, one can

show that the inequality (5.6) can be modified to

Ch* C

—]V—Z + N—3.

This remark permits us to change the last lines of the proof of Lemma 7.2, so
that one gets

(81) Vp, ap <

. . C
l4p(-) — Edtp ()|l L1 mx) < 7N + Ch.
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Consequently, the conclusion of Lemma 7.3 becomes: there exists a constant
C > 0 such that c

h
A;(N) < TN +Ch
forany N, h<l,and p<M=T/h.
Now, we recall the inequality (6.5). This permits us to modify the beginning
of the proof of Proposition 7.5 in the following way:

Yo+l = IILu(ph,y)ph(-,y)dy+hf (/Ru(ph,y)ph(-,y)dy)
~E [ B0)paC. ) dy — HES ( [mwm.») ar)

(p+1 (p+1

_ hvh
< /Rlu(ph,y)—Eup(y)I/Rph(x,y)dxdy+Ch2+C—%——

+Ch /R lu(ph, ) — Ez,(»)| /R pa(x, y)dxdy

+R! () +ERL )h(-)”
LY(R)

+ch [E ( [ B0, 9)dy -E [ B0, y)dy)2 dx.

Thus, it remains to check that we can improve the estimate for J, . Namely,
instead of (7.4), we have

h
Vp, 6PSC(}12+'N).
Actually, one just has to consider (7.6) and (7.10): now 7, (7;,) and 7 (7;)
are equal, thus the conclusion is straightforward.

9. CONCLUSION

We have constructed a stochastic particle algorithm for general one-dimen-
sional reaction-diffusion-convection PDEs, by establishing a convenient proba-
bilistic representation of the solution and discretizing it in space and time.

We have given its rate of convergence, which also proves a conjecture of
Puckett concerning this method for the KPP equation.
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